Number Theory Theorems, Lemmas, Corollaries, Propositions, etc.

Definition : Divides

We say that a divides b, denoted a | b, iff 3d : a-d = b. If a does not divide b, then
we write a { b.

Properties : Divides
e Ifa|bandb|ec, then a|c.
e Ifalbanda|c, thenal (b+c).
e lfa|banda|c, then a| (m-b+n-c) for any integers m and n.

e If d|a, then d| (c-a) for any integer c.

Definition : Greatest Common Divisor

We say that d is the greatest common divisor of a and b, denoted d = (a,b) =
ged (a,b) iff d | a and d | b, and if ¢ | a and ¢ | b, then ¢ < d.

Remark

If (a,b) = 1, then we will say that a and b are relatively prime.

Theorem : (1.1)

If (a,b) = d, then (%, (—3) =1.

Theorem : Division Algorithm (1.2)

Given positive integers a and b, b # 0, there exists unique integers ¢ and r, with
0 < r < b, such that:
a=b-q+r
Lemma : (1.3)
If a = bg + r, then (a,b) = (b, 7).

Theorem : The Euclidean Algorithm

If @ and b are positive integers, b # 0 and

a=bq+r, 0<r<b
b=rq +r, 0<r <r
r=riqy + T 0<ry <nry

Then for k large enough, say k = ¢, we have that r,_y = r;q;1 and (a,b) = r.
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Theorem : (1.4)

If (a,b) = d, then there are integers x and y such that

ar +by =d

Corollary : (1.1)
If d | (ab) and (d,a) = 1, then d | b.

Corollary : (1.2)

Let (a,b) = d, and suppose that ¢ | a and ¢ | b, then ¢ | d.

Corollary : (1.3)

If a|m,b|m,and (a,b) =1, then (ab) | m.

Definition : Prime Numbers

Theorems, Lemmas, Corollaries, Propositions, etc.

A prime number is an integer that is greater than 1 and has no positive divisors
other than 1 and itself. An integer that is greater than 1 but is not prime is called

composite. We call 1 neither a prime nor a composite number.

Lemma : (2.1)

Every integer n > 1 is divisible by a prime number.

Lemma : (2.2)

Every integer n > 1 can be written as a product of primes.

Theorem

There are infinitely many primes.

Lemma : (2.5)

If p| (ab), then p | a or p | b.

Lemma : (2.6)

If p|(araz...ax), then p | a; for some i, i =1,2,... k.

Lemma : (2.7)

If ¢1,49,...,q, are primes, and p | (¢1q2 - . . qx), then p = ¢ for some k.
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Theorem : Fundamental Theorem of Arithmetic

Any positive integer can be written as a product of primes in one and only one way.

Lemma : (3.1)

If xg, 1o is a solution of ax + by = ¢, then for any integer t,

13:.T0+bt
Yy =1y —at

is also a solution.

Lemma : (3.2)

Consider the equation ax + by = c. If (a,b) | ¢, then ax 4 by = ¢ has a solution. If
(a,b) 1 ¢, then ax + by = ¢ has no solutions.

Lemma : (3.3)

Consider the equation:
ar +by =c

Suppose that (a,b) =1 and (zo,yo) is a solution, then:
r=x9+0bt, y=1yo—at

provides all of the solutions.

Theorem : (3.1)
Consider az + by = ¢, if (a,b) | ¢, then there are infinitely many solutions of the
form

bt at

T=nt Ty VTR TGy

Where x, yy is any solution, and ¢ € Z.

Definition : Congruence

We say that a and b are congruent to each other modulo m,
a=b modm

if m| (a—0).

Theorem : (4.1)

If a = b mod m, then there exists k£ such that a = b+ km.
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Theorem : (4.2)

There is a unique r, call this the least residue modulo m.
a=r modm

re{0,1,2,....m—2,m—1}

Theorem : (4.3)

a =b mod m if and only if they have the same remainder when divided by m.

Lemma : (4.1)
For integers a, b, ¢, d, we have that:
e a=a modm
e If a=b mod m, then b=a mod m
e Ifa=b mod m and b=c¢ mod m, then a = ¢ mod m
e [fa=b mod mand c=d mod m, then a+c=b+d mod m

e Ifa=b mod m and ¢ =d mod m, then ac = bd mod m

Theorem : (4.4)

This s listed as a lemma in the in-person notes.

Suppose ab = ac mod m, then if (a,m) = 1, then b = ¢ mod m.

Theorem : (4.5)

This s listed as a lemma in the in-person notes.

If ac = bc mod m and (c,m) = d, then a =b mod 7.

Definition : Linear Congruence

A linear congruence is of the form
ar =b mod m
This has a solution if and only if there are integers x and k such that
ar =b+km&ar—km=0»>

These can be viewed as Diophantine equations.

If one integer satisfies ax = b mod m, then there are infinitely many.

St. Francis Xavier University Carter Clifton



Number Theory

Theorems, Lemmas, Corollaries, Propositions, etc.

Lemma : (5.1)

If (a,m) 1 b, then ax =b mod m has no solutions.

Lemma : (5.2)

If (a,m) =1, then az = b mod m has exactly one solution.

Lemma : (5.3)

Let d = (a,m). If d | b, then ax = b mod m has d solutions.

Theorem : The Chinese Remainder Theorem

The linear congruence system

r=a; mod my, r=ay; modmsy, ... ,Tr=a,

mod m,,

has a unique solution modulo m; X mgy x - - - X my, if for each (m;, m;), where i # j,

(mi, mj) =1.

Lemma : (6.1)
If (a,m) = 1, then the least residues of
a, 2a, 3a, ..., (m—1)a modm

are given by

in some order

Theorem : Fermat’s Theorem (Little Theorem)
If p is a prime, and (a,p) = 1, then

a'=1 modyp

Lemma : (6.2)

z2=1 mod p

has exactly 2 solutions, 1 and p — 1.
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Definition : Modular Multiplicative Inverse

The modular multiplicative inverse of an integer a is an integer a’ such that
ad’ =1 mod m

If (a,p) = 1, we know that ax = 1 mod p has exactly one solution. Thus, the
inverses exist for each non-zero element.

Lemma : (6.3)

Let p be an odd prime, and let @’ be the solution of ax = 1 mod p, for a =
1,2,...,p— 1. Then, ' = b mod p if and only if a = b mod p. Furthermore,
a=da modpifandonlyifa=1ora=p—1.

Theorem : Wilson’s Theorem
p is a prime if and only if
(p—1)!'=—-1 modp

Definition

Let n be a positive integer. Then, d(n) is the number of positive divisors of n,
including 1 and n. Also, o(n) is the sum of the positive divisors of n. That is,

d(n) = Z 1 and o(n)= Zd

dln dln

(Note >_,,, means the sum over the positive divisors of n)

Theorem : (7.1)

If pi'p5? ... p is the prime-power decomposition of n, then we have that

d(n) = d(pi') x d(p3®) x -+ x d(p;)

Lemma : (7.1)

If p and ¢ are different primes, then

o (pq’) = () o (df)
Theorem : (7.2)
If pi'p5? ... p¥ is a prime-power decomposition of n, then

o(n)=0o(@7")o(@5)...0(p)
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Definition : Multiplicative Functions

A function f, defined for the positive integers, is said to be multiplicative if and
only if
(m,n) =1 implies f(mn) = f (m) f (n)

Theorem : (7.3)

The function d is multiplicative.

Theorem : (7.4)

The function ¢ is multiplicative.

Theorem : (7.5)

If f is a multiplicative function and the prime power decomposition of n is
e1,. €2

pitps? ... p, then
fn)=f1") f3) .. f (i)

Definition : Perfect Numbers

A number is called perfect if and only if it is equal to the sum of its positive divisors,
excluding itself. That is, a number is perfect if and only if

o(n)=2n

Theorem : (8.1) (Euclid)

If 2 — 1 is prime, then 2"~! (2¥ — 1) is perfect.

Lemma

If k is composite, then 2¥ — 1 is composite.

Theorem : (8.2) (Euler)

If n is an even perfect number, then
n=2""1(2"—1)

for some prime p and 2P — 1 is also prime.

Definition : Euler’s ¢ Function / Euler’s Totient Function

If m is a positive integer, let ¢ (m) denote the number of positive integers less than
or equal to m and relatively prime to m.
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Lemma : (9.1)

If (a,m) =1 and 71,79, ..., 7¢m) are the positive integers less than m and relatively
prime to m, then the least residues modulo m of

ary, arg, 5o0g arey(m)

are a permutation of
T, Mgooog T¢(m)

Theorem : (9.1) / Euler’s Theorem

If (a,m) =1, then
a®™ =1 mod m

Lemma : (9.2)

For p prime, and all positive integers n,
o) =p""(p—1)

Lemma : (9.3)

If (a,m)=1and a =b mod m, then (b,m) = 1.

Corollary : (9.1)

If the least residues modulo m of rq, 79, ..., 7, are a permutation of 0,1,...,m—1,
then rq,rs,... 7, contains exactly ¢ (m) elements relatively prime to m.

Theorem : (9.2)

The function ¢ is multiplicative.

Theorem : (9.3)

If n has a prime power decomposition given by n = pi'p5’ - - - p*. then
¢ (n)=pi (o1 =) ps (2= 1) -0 (e — 1)

Corollary : (9.2)

If n = p'ps? - - - piF, then

sw=n(1-1) (1- 1) (1- 1)
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Definition : Arithmetic Functions

An arithmetic function is a function whose domain is the set of positive integers.

Theorem : (9.5)

Let f be an arithmetic function for n € Z with n > 0. Then, consider the following

arithmetic function.
F(n)=Y f(d
dln

If f is multiplicative, then F' is multiplicative.

Theorem : Gauss’ Theorem

Let n € Z with n > 0. Then

D ¢(d)=n

dn

Definition : The Mobius ¢ Function

If n € Z with n > 0, then the Mdbius p-function, denoted p (n), is defined as

1 ifn=1
p(n) =<0 if p? | n with p prime
(—1)" if n=pips...p, with py,...,p, distinct primes

Theorem : (9.6)

The Mobius p-function is multiplicative.

Corollary : (9.7)
Let n € Z with n > 0. Then

Zu(d)={1 ifn =1
dln

0 otherwise

Theorem : Mobius Inversion Formula
Let f and g be arithmetic functions. Then
fn)=> g(d
dln

If and only if

o)=Y @ f(5)=>n(5) /@

dn dn
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Definition : Order

The order of a modulo m is the smallest positive integer ¢ such that

at=1 modm

Theorem : (10.1)

Suppose that (a,m) = 1 and a has order ¢ modulo m. Then, ™ =1 mod m if and
only if n is a multiple of .

Theorem : (10.2)

If (a,m) =1 and a has order t modulo m, then ¢ | ¢ (m).

Theorem : (10.3)

If p and ¢ are odd primes and ¢ | a”? — 1, then ¢ | a — 1 or ¢ = 2kp + 1 for some
integer k.

Corollary : (10.1)

Any divisor of 2P — 1 is of the form 2kp + 1.

Theorem : (10.4)

If the order of @ modulo m is ¢, then a" = a® mod m if and only if r = s mod t.

Definition : Primitive Roots

If a is the least residue and the order of @ modulo m is ¢ (m), we will say that a is
a primitive root of m.

Theorem : (10.5)

If g is a primitive root of m, then the least residues of

g9, ¢ ..., g*™

are a permutation of the ¢ (m) positive integers less than m and relatively prime
to m.

Lemma : (10.1)

Suppose that a has order ¢ modulo m. Then a* has order ¢t modulo m if and only
if (k,t) = 1.
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Corollary : (10.2)

Suppose that ¢ is a primitive root of p. Then the least residue of g* is a primitive
root of p if and only if (k,p — 1) = 1.

Lemma : (10.2)

If f is a polynomial of degree n, then
f(x)=0 modp

has at most n solutions

Lemma : (10.3)

If d| p—1, then 22 =1 mod p has exactly d solutions.

Theorem : (10.6)

Every prime p has ¢ (p — 1) primitive roots.

Theorem

The only positive integers with primitive roots are 1, 2, 4, p°, and 2p°, where p is
an odd prime.

Theorem : (11.1)

Suppose that p is an odd prime. If p { a, then 22 = a mod p has exactly two
solutions or has no solutions.

Definition : Quadratic Residues

If 22 = a mod m has a solution, then a is called a quadratic residue modulo m.

If 22 = a mod m has no solution, then a is called a quadratic non-residue modulo
m.

Theorem : Euler’s Criterion (11.2)

If p is an odd prime and p { a, then 22 = @ mod p has a solution or no respectively,
if

p—

7 =1 mod p

or
p—1

a2 =—1 modp
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Theorem : (11.3)

The Legendre symbol has the properties:

1. If a = b mod p, then (‘l) = <9>

p p

2. If pta, then <ﬁ> =1

p

3. If ptaand ptb, then (%) = <%> (%)

Theorem : Quadratic Reciprocity Theorem (11.4)

If p and ¢ are odd primes and p = ¢ =3 mod 4, then

69

If p and ¢ are odd primes and p=1 mod 4 or ¢ =1 mod 4, then

(5)=6)

Theorem : (11.5)

If p is an odd prime, then

(—1):1 if p=1 mod4
p
1 :
(——):—1 if p=3 mod4
p

Theorem : (11.6)

If p is an odd prime, then

2
(—):1 if p=1 mod8 or p=7 mod38
b

2
(—):—1 if p=3 mod8 or p=5 mod8§
p
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Theorem : Gauss’s Lemma (12.1)

Suppose that p is an odd prime, (a,p) = 1, and there are among the least residues
modulo p of

a, 2a, 3a, e

Exactly g that are strictly greater than ’%1. Then,

Lemma : (12.1)

If p and ¢ are different odd primes, then
p=1 a1
2 2
kq kp| p—1 q¢—1
R
k=1 k=1

Theorem : (12.4)

If p and ¢ are odd primes, then

()

If p and 4p + 1 are both primes, then 2 is a primitive root modulo 4p + 1.

Theorem : (12.3)

Theorem

If p=2 mod 3, then all 22> = ¢ mod p have solutions.
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